Let Z(U (Z[G])) denote the group of central units in the integral group ring Z[G] of a finite group G. A bound on the index of the subgroup generated by a virtual basis in Z(U (Z[G])) is computed for a class of strongly monomial groups. The result is illustrated with application to groups of order p n , p prime, n ≤ 4. The rank of Z(U (Z[G])) and the Wedderburn decomposition of the rational group algebra of these p-groups have also been obtained explicitly in terms of p.
Introduction

Let U(Z[G]) denote the unit group of the integral group ring Z[G] of a finite group G. The centre of U(Z[G]) is denoted by Z(U(Z[G])). It is well known that Z(U(Z[G])) = ±Z(G) × A, where A is a free abelian subgroup of U(Z[G]) of finite
rank. In order to study Z(U(Z[G])), a multiplicatively independent subset of such a subgroup A, i.e., a Z-basis for such a free Z-module A, is of importance, and is known only for a few groups ( [1, 2, 15] , see also [17] , Examples 8.3.11 and 8.3.12).
However, other papers deal with determining a virtual basis of Z(U(Z[G])), i.e., a multiplicatively independent subset of Z(U(Z[G])) which generate subgroups of finite index in Z(U(Z[G])) (see e.g. [6, 7, 8, 9, 10, 11, 12, 13, 14] ). If the G-conjugates are orthogonal, then e(G, H, K) is a central idempotent of
Q[G].
A strong Shoda pair of G is a pair (H, K) of subgroups of G with the properties that (i) K is normal in H and H is normal in the normalizer N G (K) of K in G;
(ii) H/K is cyclic and a maximal abelian subgroup of N G (K)/K and (iii) the distinct G-conjugates of ε(H, K) are mutually orthogonal. Recall that a group G is called normally monomial if every complex irreducible character of G is induced from a linear character of a normal subgroup of G. Theorem 1, as stated below, provides an algorithm to determine a complete irredundant set of strong Shoda pairs for a normally monomial group G and also, in particular, yields that a normally monomial group is strongly monomial.
If (H,
Let N be the set of all the distinct normal subgroups of a finite group G. T N : a set of representatives of D N under the equivalence relation defined by conjugacy of subgroups in G.
Note that if N ∈ N is such that G/N is abelian, then, by ([3] , Eq.(1)), Let ζ n denote a complex root of unity of order n, n > 1 and k an integer coprime to n. Then
The notation is extended by setting η k (1) = 1. The units of the form η k (ζ j n ), with integers j, k and n such that (k, n) = 1 are called cyclotomic units of Q(ζ n ), where (k, n) denotes the greatest common divisor of k and n.
Let g be an element of G of order n and k and m positive integers such that
is a unit in the integral group ring Z[G]. The units in Z[G] of this form are called
Bass cyclic units(see [18] , (10.3)).
Next, we recall the definition of generalized Bass unit of Z[G] defined by Jespers et al [14] . For a normal subgroup M of G, g ∈ G with parameters k and m as above,
is called a generalized Bass unit based on G and M with parameters k and m.
Let G be a strongly monomial group with {(H i , K i ) : 1 ≤ i ≤ m}, a complete and irredundant set of strong Shoda pairs such that [H i :
Let k be a positive integer coprime with p i and let r an arbitrary integer. For every 0
where o l (k) denotes the multiplicative order of k modulo l. The empty products
where
Throughout this section, we assume that G is a strongly monomial group with {(H i , K i ) : 1 ≤ i ≤ m}, a complete and irredundant set of strong Shoda pairs such
Without any specific mention, we continue to use the notation developed in Section 2. The following theorem provides a bound on the index
Theorem 2 The index of the subgroup generated by
denotes the class number of the maximal real subfield of Q(ζ p n i i
).
We first prove the following lemma:
, where e i = e(G, H i , K i ) and
Proof. From the proof of ( [16] , Proposition 3.4), we have isomorphism
. Indeed, the above isomorphism is given by
where α rs = ε i t r αe i t −1
This isomorphism in turn yields the group isomorphism
As ε i αe i ε i = ε i αε i , the restriction of the above isomorphism
gives the isomorphism
given by βε i I m i ×m i → βε i . Consequently, we have the group isomorphism
We further see that if
In view of Lemma 1, it is enough to prove that
The center of
where r ∈ Q, Let π denote the projection of
Set
By ( [13] , Proposition 3.4),
Therefore,
Clearly,
Also, by ([19] , Theorem 8.2),
Next, observe that
is a free abelian group, and by ( [13] , Lemma 3.2), it has rank at most
)) = 1 and
and therefore,
Finally, Eqs. (6)- (13) yield the claim, i.e., Eq. (3), which in view of Eq. (2) and Lemma 1 completes the proof.
The above theorem, in particular, for abelian p groups yields the following:
Corollary 1 Let G be an abelian p group, p prime, and let
4 Non Abelian groups of order p n , n ≤ 4
Non Abelian groups of order p 3
If p is an odd prime, then upto isomorphism, the only two non-abelian groups of order p 3 are:
In ( [3] , Theorems 3, 4), a complete and irredundant set of strong Shoda pairs for these groups has been found. Applying Theorem 2 and ( [13] , Theorem 3.1), we obtain that for any of these two non abelian groups G of order p 3 , p odd prime,
, the dihedral group of order 8 or is isomorphic to Q 8 , the group of quaternions. Both these groups satisfy the hypothesis of ( [18] , Theorem 6.1). Therefore, we already know that the group of central units in integral group rings of these groups consist of only trivial units.
Non Abelian groups of order
Observe that
N is the set of all normal subgroups of G 1 , then
This yields S N = φ if N ∈ N 1 and consequently, by Theorem 1, N ∈N 1 S N is a complete irredundant set of strong Shoda pairs of G 1 .
(ii)-(xiii) For 2 ≤ i ≤ 10, consider the following set N i of normal subgroups of G i : Now proceeding as in (i), we get the required complete and irredundant set of strong Shoda pairs of G i , 2 ≤ i ≤ 10.
